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Abstract

The aim of this paper is to prove that fixed point theorem and common fixed point
theorem on ordered Cone b-metric spaces [18] the main results of this paper provide
extensions as well as substantial generalizations and improvements of several well
known results in the recent literature. Also, we introduce some examples to support
the usability of our results are applicable on ordered cone b-metric spaces.

1. Introduction
Fixed point theory has captivated many researchers since 1922 with the commendable
Banach fixed point theorem. This theorem supplies a method for solving diverseness of

applied problems in mathematical sciences and with computer sciences, engineering. A
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large published works on this subject exists, and this is a dynamic area of research at
present time. Banach contraction principle has been generalized in diverse directions
in different spaces by mathematicians over the years; we refer to [1, 5, 11, 21, 22] and
(references therein) for more detail on this and related topic.

In modern time, fixed point theory has evolved quickly in partially ordered cone metric
spaces; that is, cone metric spaces equipped with a partial ordering, for some new
results in ordered metric spaces [13]. Preliminary Conclusion in this bearing was given
by Altun and Durmaz [9] under the condition of normality for cones. Then, Altun et
al. [10] concluded the results of Altun and Durmaz [9] by excluding the assumption of
normality condition for cones. Afterward, several authors have studied fixed point and
common fixed point problems in ordered cone metric spaces; for more details [3, 8, 17,
19, 20, 23, 24, 25].

In 2011, Hussain and Shah [16] presented cone b-metric spaces and con metric spaces
for some new finding in b-metric spaces [6]. They not only devised some topological
properties in such spaces but also improvised some current results about KKM mappings
in the setting of a cone b-metric space.

After some time, many researchers have been inspired to manifest fixed point theorems
as well as common fixed point theorems for two or more mappings on cone bmetric

spaces by the initial work of Hussain and Shah [16] and [2, 7, 14, 15].

2. Preliminaries and Definitions

Theorem 2.1 [9] : Let (X, C) be a partially ordered set, suppose that there exists a
cone metric d in X such that the cone metric space (X, d) is complete, and let P be a
normal cone with normal constant K. Let f : X — X be a continuous and increasing

mapping with respect to C. Suppose that the following three conditions hold:
(i) there exists k € [0, 1) such that d(fz, fy) < d(z,y) for all x,y € X with y C z;
(ii) there exists xg € X such that zo C fxo.

Then f has a fixed point in X.
Theorem 2.2 [10] : Let (X, C) be a partially ordered set and suppose that there exists
a cone metric d in X such that the cone metric space (X,d) is complete over a solid

cone P.
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Let f : X — X be a continuous and increasing mapping with respect to C. Suppose

that the following two conditions holds:

(i) there exist k,l,r € [0.1] with k& + 2] 4 2r < 1 such that

d(fz, fy) 2 kd(z,y) +1(d(fz,z) +d(fy,y)) + r(d(fz,y) + d(fy,z)) (1)
for all x,y € X with y C x;
(ii) there exists xg € X such that zo C fxo.

Then f has a fixed point in X.

Theorem 2.3 [10] : Let (X, C) be a partially ordered set and suppose that there exists
a cone metric b in X such that the cone metric space (X,d) is complete over a solid
cone P.

Let f : X — X be a increasing mapping with respect to C Suppose that the following

three conditions holds:

(i) there exist k,l,r € [0,1) with k2] + 2r < 1 such that

d(fz, fy) < kd(z,y) + 1{d(fz,x) + d(fy, y) +r(d(fz,y) + d(fy,x))  (2)
for all z,y € X with y C z;
(ii) there exists zp € X such that zo C fxo;
(iii) if an increasing sequence {x,} converges to = in X, then x,, C z for all n.

Then f has a fixed point in X.

In the same paper, they also presented the following two common fixed point results in
ordered cone metric spaces.

Theorem 2.4 [10] : Let (X, C) be a partially ordered set and suppose that there exists
a cone metric b in X such that the cone metric space (X,d) is complete over a solid
cone P.

Let f,g: X — X be two weakly increasing mappings with respect to C. Suppose that

the following three conditions holds:
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(1) there exist k,l,r € [0,1) with k& + 2] 4+ 2r < 1 such that

(fz,g9y) = kd(z,y) + l(d(z, fx) + d(y, gy)) + r(d(y, fz) + d((z,gy))  (3)
for all comparative x,y € X;
(ii) f or g is continuous.

Then f and g have a common fixed point z* € X.

Theorem 2.5 [10] : Let (X, C) be a partially ordered set and suppose that there exists
a cone metric d in X such that the cone metric space (X,d) is complete over a solid
cone P.

Let f,g: X — X be two weakly increasing mappings with respect to C. Suppose that

the following three conditions holds:

(i) there exist k,l,r € [0,1) with k + 2] 4+ 2r < 1 such that

d(fz,9y) = kd(z,y) + 1(d(z, fz) + d(y, 9y)) + r(d(y, fr) +d(z,9y))  (4)
for all comparative z,y € X;
(ii) if an increasing sequence {x,} converges to = in X, then z, C x for all n.

Then f and g have a common fixed point 2* € X.

In this paper, we prove some fixed point and common fixed point theorems on ordered
cone b-metric spaces. Our results extend and generalize several well-known comparable
results in the literature to ordered cone b-metric spaces. Throughout this paper, we do
not impose the normality condition for the cones, but the only assumption is that the
cone P is solid, that is, P # 0.

The following definitions and results shall be needed in the sequel.

Let E be a real Banach space and 8 denotes the zero element in £/. A cone P is a subset
of E such that

(1) P is nonempty closed set and P # {6};
(2) if a,b are nonnegative real numbers and x,y € P, then azx + by € P;

(3) z € P and —x € P imply = = 0.
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For any cone P C FE, the partial ordering < with respect to P is defined by x <y
if and only if y — x € P. The notation of < stands for z < y but x # y. Also, we use
x < y to indicate that y — x € int P, where int P denotes the interior of P. A cone P

is called normal if there exists the number K such that
02z =y= |z <[yl (5)

for all x,y € E. The least positive number K satisfying the above condition is called
the normal constant of P.

Definition 2.6 [16] : Let X be a nonempty set and E a real Banach space equipped
with the partial ordering < with respect to the cone P. A vector-valued function
d: X x X — F is said to be a cone b-metric function on X with the constant s > 1 if

the following conditions are satisfied.
(1) 0 = d(x,y) for all z,y € X and d(z,y) = 6 if and only if z = y;
(2) d(z,y) = d(y,x) for all z,y € X;
(3) d(z,y) < s(d(x,y) + d(y, 2)) for all z,y,z € X.

Then pair (X, d) is called a cone b-metric space (or a cone metric type space); we shall
use the first mentioned term.

Observe that if s = 1, then the ordinary triangle inequality in a cone metric space is
satisfied; however, it does not hold true when s > 1. Thus the class of cone bb-metric
spaces is effectively larger than that of the ordinary cone metric spaces. That is, every
cone metric space is a cone b-metric space, but the converse need not be true. The
following examples show the above remarks.

Example 2.7 : Let X = {-1,0,1}, E=R? and P = {(x,) : > 0,y > 0}.

Define d : X x X — P by d(z,y) = d(y,x) for all Ez,y € X, d(z,z) = 0,z € X and
d(—1,0) = (3,3),d(—1,1) = d(0,1) = (1,1). Then (X, D) is a complete cone b-metric
space but the triangle inequality is not satisfied. Indeed, we have that (—1,1)+(1,0) =
(1,1)+(1,1) = (2,2) < (3,3) = (—1,0). It is not hard to verify that s = 3/2.
Example 2.8 : Let X = R,F = R?> and P = {(x,9) €: = > 0,y > 0}. Define
X x X = E by (z,y) = (|z — y|?, |z — y|?). Then, it is easy to see that (X, d) is a cone
b-metric space with the coefficient s = 2. But it is not a cone metric spaces since the

triangle inequality is not satisfied.
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Definition 2.9 [16] : Let (X,d) be a cone b-metric space, {x,} a sequence in X and
zcX.

(1) For all ¢ € E with 6 < ¢, if there exists a positive integer N such that (z,,z) < ¢
for all n > N then x,, is said to be convergent and z is the limit of {x,}. One

denotes this by z,, — =x.

(2) For all ¢ € E with § < ¢, if there exists a positive integer N such that (x,,z,) < ¢

for all n,m > N, then {z,} is called complete if every Cauchy sequence in X.

(3) A cone metric space (X,d) is called complete if every Cauchy sequence in X is

convergent.

The following lemma is useful in our work.

Lemma 2.10 [4] :

(1) If E is a real Banach space with a cone P and a < Aa where a € P and 0 < A < 1,
then a = 6.

(2) If ¢ € int P,6 < ay, and a,, — 0, then there exists a positive integer N such that
ap K cforalln> N.

(3) If a < cand b < ¢, then a < c.

(4) If § < u < ¢ for each § < ¢, then u = 6.

3. Main Results

3.1. Fixed Point Results

In this section, we prove some fixed point theorems on ordered cone b-metric space. We
begin with a simple but a useful lemma.

Lemma 3.2 : Let {z,,} be a sequence in a cone b-metric space (X, d) with the coefficient

s > 1 relative to a solid cone P such that
d(Tp, Tp—1) 2 hd(Tp—1,Tn)- (6)

where h € [0,1/s) and n =1,2,---. Then {z,} is a Cauchy sequence in (X,d).
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Proof : Let m > n > 1. It follows that
d(.an, wm) s d(.an, wn—i—l) + SQd(«Tn-l—ly $n+2) +-+ Smind(wm—lv xm) (7)

Now, (6)and sh < 1 imply that

d(l'na Tm =8 d(xnv xn—i—l) + 82d(xn+17 xn—i—?) +oF Sm_nd(xm—lu xm)
=< s h"d(xg,z1) + s "d(xo, 1) + - + sm_”hm_ld(xo, x1)
= (sh"+s*h"H) 4. + Smfnhmild(l‘o, x1)
= sh™(1 4 sh+ (sh)? + -+ (sh)™ ™ d(x0,z1)
sh™
=< .
= 1_Shd(x0,x1) — 6 as n— o0 (8)

According to Lemma 2.10(2), and for any ¢ € F with ¢ > 6, there exists Ny € N such
that for any n > Ny, (sh”/(1 — sh))d(zo, 1) < c¢. Furthermore, from (8) and for any
m > n > Ny, Lemma 2.10(3) shows that

d(zp, xm) < c. 9)

Hence, by Definition 2.9(2) {z,} is a Cauchy sequence in X.

Theorem 3.3 : Let (X,C) be a partially ordered set and suppose that there exists
a cone b-metric d in X such that the cone b-metric space (X, d) is complete with the
coefficient s > 1 relative to a solid cone P.. Let f : X — X be a continuous and

increasing mapping with respect to C. Suppose that the following three conditions
holds:

(i) there exist i = 1,...6, such that 2sa; + 206+ (s+1)(az +asz)+ (s +8) (ag+as) < 2

6
with Z o <1,
=1

d(fCC, fy) = O‘ld(x’ y) + OQd(fCC, ‘/E) + Oégd(fy7 y)
aud(fz,y) + asd(fy, z) + asd(fz, fy) (10)

for all z,y € X with y C x;
(ii) there exists xg € X such that zo C fxo.

Then f has a fixed point z* € X.
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Proof : If xg = fx, then the proof is finished. Suppose that zg # fxg. Since xg C fxg

and f is increasing with respect to C, we obtain by induction that o C fxg = 1 C

floag=20C--- C f" g =2, C f"rg = x,.1. Then we have

d($n+17 IL’n)

IA

d(f™xo, /" o)

d(f(f* o), F(f"x0))

ard( " wo, [ %w0) + aad(f o, [ @) + azd(f o, [ 2w0)
+aud(f o, [ x0) + asd(f"  wo, [ mo) + agd(f o, [ 0)
a1d(xp, p—1) + a2d(Tns1, Tn) + a3d(Tn, Tn-1) + cad((Tnt1, Tn—1)
+asd(Tn, Tn) + aed(Tni1, Tn)

a1 d(Tp, Tp—1) + qod(Tpn—_1,Tpn) + asd(zyn, Tn—1) + sas(d(zp_1, xy)

+d(xn, Tpy1)) + asd(Tpt1, Tn)- (11)

Then, one can assert that

d(Tps1,Tn) = (1 + ag + sag)d(zy, 2p—1) + (a2 + say + ag)d(Tpi1, Tn). (12)

On the other side, we have

d((L‘n, xn-&-l)

PN

d(f™ o, fxo)

d(f(f"2wo), f(f* 0))

ard(f"2xo, [ o) + cod(f  wo, f1 @)
+azd(fMxo, [ o) + aud(f" o, 1 o)
+asd(fxo, f%x0) + aed(f" o, f o)
a1d(Tp—1,Tn) + aod(xy, p_1) + a3d(Tpi1, Tn)
+aygd(xn, Ty) + asd(Tpi1, Tn-1) + aed(Tpn, Tni1)
a1d(Tn, Tn—1) + aod(xy, Tn_1) + a3d(Tni1, Tn)

+sas(d(Tni1,xn) + d(Tpn, Tn—1) + a6d(Tn, Tpi1)- (13)

Then, one can assert that

d(xpt1,2n) = (a1 + @2 + sas)d(Tn, 2n—1) + (a3 + ag + sas))d(Tni1, Tn)- (14)
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Adding (12) and (14), we get

201 + g + a3 + say + sas
d($n+1, :En) =
2 — (g + as + 2a6 + sag + sas)

where A = (201 + ag + as + say + sas)(2 — (ag + as + 206 + say + sas)) < 1/s.

According to Lemma 3.2, we have {z,} is a Cauchy sequence in X. Since X is complete,

d(Tp, Tn-1) = MZp, Tpn-1) (15)

there exists * € X such that x,, — x*. Since f is continuous, then z* = limz,4+1 =
lim f"xo = lim f(f" 1ag) = f(lim f" 'xg) = f(limx,) = (z*). Therefore, z* is a fixed
point of f.

Theorem 3.4 : Let (X,C) be a partially ordered set and suppose that there exists
a cone b-metric d in X such that the cone b-metric space (X, d) is complete with the
coefficient s > 1 relative to a solid cone P. Let f : X — X be a increasing mapping

with respect to C. Suppose that the following three conditions holds:

(i) there exist a;,i = 1,--- , 6, such that 2sa;+2ag+(s+1)(az+a3)+(s2+s)(as+as) <

6
2 with Z a; < 1.
=1

d(fzr, fy) = aid(z,y) + ad(fz,r) + aszd(fy,y)
taud(fr,y) + asd(fy, z) + asd(fz, fy) (16)

for all z,y € X with y C z;
(ii) there exists xg € X such that zo C fxo;

(iii) if an increasing sequence {z,} converges to = in X, then z,, C z for all m.

Then f has a fixed point * € X.

Proof: Asin the Theorem 3.3, we can construct an increasing sequence {z,,} and prove
that there exists * € X such that x,, — z*. Now, condition (iii) implies =, C z* for
all n.

Therefore, we can use condition (i) and so

d(fxn, f2*) <X ord(xn,2") + aod(fan, vn) + asd(fz™*, z*)
Fagd(fon, x") + asd(fz*, zp) + aed(fn, fz©). (17)
Taking n — oo, we have (z*, fz*) < (a3 +as + ag) (x*, fo*)d(x*, fz*). Since (a3 + a5+

ag) < 1, Lemma 2.10 (1) shows that (z*, fa*) = 0), that is * = fa*. Therefore z* is a
fixed point of f.
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3.1 Common Fixed Point Results
Now, we give two common fixed point theorems on ordered cone b-metric spaces. We
need the following definitions.

said to be weakly increasing if fz C gfx and gz C fgx hold for all z € X.
Theorem 3.5 : Let (X, C) be a partially ordered set and suppose that there exists
a cone b-metric d in X such that the cone b-metric space (X, d) is complete with the
coefficient s = 1 relative to a solid cone P. Let f,g: X — X be two weakly increasing

mappings with respect to C. Suppose that the following three conditions holds:
(i) there exist a;,i = 1,--- , 6, such that 2sag+ (s +1)(ag +as) + (s> +5)(ag +as) < 2
6
with Z a; < 1,
i=1
d(fz,gy) =2 oad(z,y) + axd(z, fz) + asd(y, gy)
—|—Oé4d(y, f.'l?) + O[5d(CC, gy) + aﬁd(fxa gy) (18)
for all comparative x,y € X;
(ii) f or g is continuous.

Then f and g have a common fixed point z* € X.
Proof : Let xy be an arbitrary point of X and define a sequence {z,} in X as follows:
Ton+1 = fron and zon19 = gxon+1 for all n > 0. Note that, since f and g are weakly

increasing, we have
r1 = frog C gfro = gr1 =122 and z2 = g1 C fgr1 = fro =73

and continuing this process we have 1 C 29 C -+ C z,, C zp41 C ---. That is, the
sequence {z,} is non decreasing. Now, since xg, and xs,y; are comparative, we can

use the inequality (18), and then we have

d(xon+1, Ton+2) = (fron, 9Ton+1)

IA

a1d(Zan, Tons1) + aad(x2, fron)
+o3d(Ton+1, 9%on+1) + aad(ont1, fron)

+asd(xon, gTon+1) + asd(fTon, 9Ton+1)
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IA

a1d(Ton, Tont1) + a2d(T2n, Ton41)

+asd(xon+1, Tont2) + @ad(T2n41, T2n+1)

+asd(zan, Tont2) + ad(Tont1, Toant2)

A

(01 + a2)d(z2n, Tont1) + a3(d)(zan+1, Tont2)

+sas(d(xon, Tant+1) + d(T2n+1, Tant2) + aed(T2n41, T2n+2)

= (o + ag + sas)d(z2n, Tap41)

+(as + ag + sas)(Tant1, Tant2)- (19)

Hence,

(1 — (ag + ag + 8a5))d($2n+1, x2n+2) = (a1 + oo + 8a5)d(x2n, :an_H). (20)

On the other side and by symmetry we have

d($2n+27 T2n+1

Hence,

PN

IA

A

(972041, faon)

a1d(Tont1, Ton) + a2d(T2n41, gT2n+1)

tazd(zon, fTon) + asd(Tan, 9T2n41)

tasd(zont1, fron) + aed(9z2nt1, fron)

1d(T2n+1, T2n) + a2d(T2n41, T2n+2)

+asd(zan, Tant1) + aad(Ton, Tant2)

as5d(T2n+1, Tant1) + a6d(T2nt1, Tant2)

(a1 + a3)d(T2n, Tant1) + a2d(T2n41, T2nt2)

+say(d(zan, Tant1) + (2011, Tant2)) + 6d(Tant1, Tan+2)
(o1 + a3 + saa)d(2n, Tant1)

+(2ap + sauq)d(xon41, Tant2)- (21)

(1 — (a2 + ap + sou))d(zpt2, Tont1) = (00 + a3 + sou)d(z2n, Tan41)- (22)

Adding inequalities (20) and (22), we get

d <
(Ton+1, Tant2) =X 2 — (g + as + 206 + sag + sas)

201 + ag + ag + sayg + sas

d(Z'Qn, x2n+1) = )\d(ﬂ?Qn, x?n—i—l)?

(23)
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where A = (2aq + ag + as + say + sas)(2 — (ag + as + 206 + say + sas)) < 1/s.
Similarly, it can be shown that
d(z2n13, Tont2) = d(Tont2, Tony1)- (24)
Therefore,
d(Tpt1, Tnt2) 2 d(Tn, Tpi1). (25)
According to Lemma 3.2, we have {z,,} is a Cauchy sequence in X. Since X is complete,
there exists z* € X such that x, — x*. Suppose that f is continuous. Then z* =
lim 2,1 = lim f"2g = flim(f" 'z¢) = f(lim f*"'2¢) = f(limz,) = f(z*). Therefore,
x* is fixed point of f. Now, we need to show that z* is a fixed point of g. Since z* C x*,
we can find the inequality (18) for z = y = z*. Then we have
d(fz*,gz*) =< aqd(z", z%) + aod(z”, fz*) + azd(z”, gz™)
+ayd(x*, fx*) + asd(z”, gz¥) + agd(fx*, gz*)
= ad(z*,2") + agd(x™, 2%) + asd(z™, gx™)
+agd(z, 2") + asd(z*, gr*) + agd(x™*, gx™)
= agd(z¥, gz*) + azd(z™, gz¥) + aed(z”, gx™)
= (ag+ a5+ ag)d(z”, gz*). (26)
Hence,
d(z*, gz*) < (a3 + as + ag)d(z*, gz*). (27)
Since (a3 + a5 + ag) < 1. Lemma 2.10(1) shows that (z*, gx*) = 6; that is, * = ga*.
Therefore z* is a fixed point of g. Therefore, f and g have a common fixed point. The
proof is similar when ¢ is a continuous mapping.
Theorem 3.6 : Let (X,C) be a partially ordered set and suppose that there exists
a cone b-metric d in X such that the cone b-metric space (X, d) is complete with the
coefficient s > 1 relatvie to a solid cone P. Let f,g: X — X be two weakly increasing
mappings with respect to C. Suppose that the following three conditions holds:
(i) there exist a;,i = 1,---,6 such that 2sa; + 206 + (5 + 1)(a2 + a3) + (s + s)

6
(a4 +Oz5) < 2 with Z a; < 1,
=1

d(fr,gy) = oad(z,y)+ aed(z, fz) + azd(y, gy)
+aud(y, fr) + asd(x, gy) + asd(fr, gy), (28)
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for all comparativbe =,y € X;

(ii) if an increasing sequence {x,} converges to x in X, then z,, C z for all n. Then f

and ¢g have a common fixed point z* € X.

Proof : As in Theorem 3.3, we can construct an non-decereasing {x,} and prove that

there exists z* € X such that x,, — z*, also; by the construction of x,, gz, — z*.

Now condition (iii) implies =, C z* for all n. Putting z = z* and y = z,, in (28), we get

d(fil?*,g.fn) j Oéld(l'*,l'n) —{—Oégd(x*,fl’*) +Oégd($n,gﬂ?n)
+Oé4d($n, f.il?*) + Oé5d(.%'*, gxn) + Oéﬁd(f.%'*, gxn)
= ad(zp, ") + ad(fx*, z*) + agd(xy, gzy)

+044d(a3n7 ffL'*) + a5d(gxn7 HZ*) + a6d(fx*7 gxn)

IA

a1d(xy, ) + ag(d(fx*, gzy) + d(gzn, %))

+az(d(zp, x¥) + 2%, gzn)) + aa(d(zp, x¥) + (z*, gzn)

+d(gan, f27)) + asd(gan, 2*) + aed(f2", gan)

= (o1 + a3+ ag)d(zp,z")

+(ag + a3 + ag + az)d(grn, %) + (a2 + g + ag)d(fz*, gzs). (29)

Hence,

a9 + a3+ ag4 + as

Q]+ ag + oy
d(fz*, gz,) =<
(27, gan) 1— (2 + ay + ag)

T 11— (e +as+oas

d(gzy, ") (30)

)d(mn,x*) +

Since x,, — «* and gz, — z*, then by Definition 2.9(1) and for ¢ > 6 there exists
Ny € N such that for all N > Ny, d(zp,2*) < ¢(1 — (a2 + as + ag))/2(a1 + a3 + ay)



30 VANDANA VERMA & D. P. SHUKLA

and d(gxy, ") < (1 — (a2 + a4 + a5))/2(ae + a3 + a4 + as). Then we have

d(fz*, gr,)

ay + a3+ ay
1 — (a2 + a4 + ag)
Qg+ a3+ ag + as
1— (e +ay + ag)
atagtas  c(l-(az+as+ap))
l—(aa+ou+ag) 2 2o +az+oq)
o + a3 + ag + as (1— (a2 + a4 + o)

% &
1—(a2+as+ap) 2(a2+as+as+as)
C C
-~ 373

- C (31)

d(gzn, fz7)

A

d(xp, ")

d(gfvmx*)

<

Now again, according to Definition 2.9(1) it follows that gz, = fz*. It follows that
fxr* = x*. In a similar way and using that z* C z*, we can prove that gz* = z*.
Therefore, f and g have a common fixed point.

Now, we present two examples to illustrate our results.

Example 3.7 : Let X = [0,1] endowed with the standard order and E = R? and let
P ={(z,y) : x,y > 0}. Define d : X x X — FE as in Example 2.8. Define f: X — X
by f(x) = 22/3. Then f is continuous and non increasing mappings with respect to C.

Then we have

gy = (5.2
<x2 Y2 22 432 2>
- \F 55w
= gl +ylz— gl o — o) (32)
< eyl e - yP)
< gd(ey)

where oy = 4/9,a0 = a3 = a4 = a5 = ag = 0. It is clear that the conditions of
Theorem 3.3 are satisfied. Therefore, f has a fixed point x = 0.

Example 3.8 : Let X = [0,00) endowed with the standard order and E = C}|0,1]
with |Jul| = ||u]|eo + ||t/ ]|ccs v € E and let P = {u €: u(t) > 0 on [0,1]. It is sell known



MODIFIED FIXED POINT AND COMMON FIXED POINT... 31

that this cone is solid, but it is not normal. Define a cone metric d : X x X — E by
d(z,y)(t) = |z —y|?e’. Then (X, d) is a complete cone b-metric space with the coefficient
s = 2. Let us define f : X — X by f(z) = z/4. Then f is a continuous and increasing

mapping with respect to C. Then we have f is an increasing mapping; also we have

1 12
Aot = [jo- ]
1
= 1—6|x—y\26t
1 9 ¢ 122,
D P — |z
= gl yle +17)4‘ € (33)

< <le —yP(0) + od(fr,2)(0)

where a; = 1/16, 00 = 1/17, 03 = a4 = a5 = g = 0.
a1 = 16,9 = 17,3 = a4 = a5 = ag = 0. It is clear that the conditions of Theorem

3.3 are satisfied. Therefore, f has a fixed point x = 0.
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